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First section

1.2 Second section 6

1.3 Third section 4

This first chapter illustrates how to use various elements of this text book template, such
as definitions, theorems and exercises. You may want to start each chapter with a meta
summary like this one, to explain to the reader what the chapter is all about, why it is
important and how it fits into the bigger picture of the book. Another useful tip is to
put the contents of each chapter into a separate WTgX file and then use the command
\input { } to include the chapter in the main document.

1.1 First section

Let’s start out with the following theorem.

(Logic algebra) Let P, Q and R be logical propositions (true or false).
Then the following propositions are true:

PAQS QAP PVvQoe QVP (commutative laws)
(PAQ)ARS PA(QAR) (PVQ)VRe PV(QVR) (associative laws)
PA(QVR) (PAQ)V(PAR) PV(QAR)o (PVQ)A(PVR) (distributive laws)

-(PAQ)e =PV -Q -(PVQ)e -PA-Q (De Morgan’s laws)

ﬁgffﬂzj. We prove the first of De Morgan’s laws and leave the proofs of the remaining propo-
sitions as exercises. To prove the statement, we create a truth table and fill in all possible
values (true or false) for the propositions P and Q. Each of these propositions can be either
true or false and we thus obtain the following truth table with four cases:
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6 1.2. Second section

- (P A Q) & - Poov - Q
T T T T
T F T F
F T F T
F F F F

By definition of the logical operators, we compete the table to obtain

- (P AN Q © = P v = Q
F T T T T F T F F T
T T F F T F T T T F
T F F T T T F T F T
T F F F T T F T T F

It follows that the statement we want to prove (the equivalence <) is always true (a tautology),
which proves the statement. O

1.2 Second section

We begin our next section with the following central definition.

Definition 1.1 (Rational Cauchy sequence) A rational Cauchy sequence is a rational
sequence (x,),;—, such that

YeeQ,ANeN:mn>N = |x,, —x,| <e. (1.1)

In other words, for each (small) rational number ¢ > 0 there is a (big) number N such
that the distance |x,, — x,,| between x,, and x,, is less than e if both m and n are larger
than or equal to N.

A remark may be in order here. This definition is concerned with rational Cauchy sequences. We will
later encounter a similar definition of real Cauchy sequences.

Example 1.1 (Solving the equation x? = 2) Consider the equation x*> = 2. It is easy to
prove that this equation does not have any rational solutions. However, consider the

following iteration formula:
_ Xp—1 + 2/Xn_1

Xy = 2 y
where n = 1,2,3,... and x5 = 1. The resulting sequence of rational numbers quickly

(1.2)
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approaches a number in the vicinity of x = 1.4142135623731:

xg = 1

(xo+2/x9)/2 = 1.5
(x1 +2/x1)/2 = 1.4166666666667
(x2+2/x7)/2 ~ 1.4142156862745

xg = (x3+2/x3)/2 =~ 1.4142135623747

x5 = (xg4+2/x4)/2 =~ 1.4142135623731
(
(
(
(
(

X1 = )
)
)
)
)
x5+ 2/x5)/2 =~ 1.4142135623731
)
)
)
)

Xy =

X3 =

X =
Xo+2/x5)/2 ~ 1.4142135623731
X7 +2/x7)/2 ~ 1.4142135623731
X +2/x5)/2 ~ 1.4142135623731
1.4142135623731

X7 =
xXg =
X9 =

Q

X190 = X9+2/X9 /2

We will later see that this iteration, or any other equivalent iteration, defines the real
number V2.

1.3 Third section

Now let's move on to the definition of the real number system. This may be defined in a
multitude of ways, one of which is to think about a real number as a rational Cauchy sequence,
or rather the equivalence class of Cauchy sequences “converging to” that number.

Definition 1.2 (The real numbers IR) The real numbers IR is the set of all equivalence
classes of rational Cauchy sequences.

Now that this is settled, lets prove the completeness of the real number system.

(The completeness of the real numbers) Let (x,)>  be a sequence of real
numbers. Then (x,);", is convergent if and only if it is also a real Cauchy sequence.

ﬁg@ﬁ. Write x,, = [(xn);2,] Where x,,, is the nth number in a rational Cauchy sequence
representing the real number x,,. And so on.... O

For further reading, there are several excellent works that one could cite, such as [1, 2].



8 1.3. Third section

Exercises

Exercise 1.1 Let A={1,2,3} and B = {2, 3, 4}. Determine the following sets.
(@ AuB (b)AnB (c)A\B (d)AxB

Exercise 1.2 Let A={1,3,5,7,9} and B ={2,4,6,8,10}. Determine the following sets.
(@) AuB (b)AnB (c)A\B (d)AxB

Exercise 1.3 Let A ={1,2,3}, B={2,3,4} and C = {3,4,5}. Determine the following

sets.
(@ AUBUC (b)ANnBNC (c)(B\A)NC (d)(AxB)xC

Problem

Problem 1.1 |Interpret the following set definition (Russell’s paradox) and discuss
whether X € X or X ¢ X:
X={x|xex}. (1.3)

Computer exercises

Computer exercise 1.1 Write a program that generates the sequence (xn),ﬁ% for x,, = n.

Computer exercise 1.2 Write a program that generates the odd numbers between 1
and 100.

Computer exercise 1.3 Write a program that computes the sum ¥ 120 x,, for x,, = n.
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luunitvsiiudaegiinisliniwinesiuduntwidingy Inevimsudaseinidenluuni 1
iunwilne msldsnutueeils unaeegiu giieg19ldam code Mlovinenarsilaay

2.1 NSWYUNGUY

aousuAUmEN1IREWARITUNgBE euiiite theorem ipnlunwdinguey dfeInis
wWasuludunmwilnerilaleensliuiloly class w3eenaasidugiuuuresnisuvaniwi
Wnazazmnliinanzauiunsee aeulveduwuu mwdinguluneu

(Logic algebra) fviualit P, Q way R Inguijuniluasinfe 433 wie Wi
mtuvguiunsslutiaziiuais

PAQS QAP PvQse QvVvP (commutative laws)
(PAQ)ARS PA(QAR) (PVQ)VR& PV(QVR) (associative laws)
PA(QVR)& (PAQ)V(PAR) PV(QAR)e (PVQ)A(PVR) (distributive laws)

-(PAQ)e =PV -0Q -(PVQ)e -PA-Q (De Morgan’s laws)

gl Lﬁwﬁaﬁ]ﬁﬂgLLiﬂsuaqmaimuuasﬁqai’mﬁmﬁaﬁﬁ]umwﬂm?fm Lﬁaﬁmﬁﬂgﬁmén 197

ammmmnmaqLLaviamwLﬂuiﬂlmwmmmﬂivﬂauiﬂma ﬁ]ﬁﬂ %39 113 Y09 P 4y Q %A
’mﬂ‘uuLi’ﬂ,ﬂm’]i’]\‘}ﬂ’J’]ﬂJQN‘Ux‘IWﬁ’]W”Ui“ﬂ@‘Ul‘lJﬂ’JEJ 4 NSl mu
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10 2.2. AsHYU

- (P AN Q © - P v = Q
T T T T
T F T F
F T F T
F F F F

(%

NTYINVDINIANTUNIITNATUABIN 151 T0aT9mseTany sallanadl

- (P AN Q) = - P Vv = Q

F T T T T FTF F T

T T F F T F T TTF

T F F T TTFTTFT

T F F F T TFTTF
auilenuiildmvualineudusaunsofigadliiuinadssnainimuetuluase (the
equivalence <) nneulamdulula O

2.2 ASHYN

luitleydiuiisagyafianisileny ve definition fiu 31lu class Jageanuutnmegnals way
Tueeelslvig code Usenaulumae

Definition 2.1 (Rational Cauchy sequence) A rational Cauchy sequence is a rational
sequence (x,);~, such that

VeeQ,ANeN:mn>N = |x,, —x,| <e. (2.1)

In other words, for each (small) rational number e > 0 there is a (big) number N such
that the distance |x,, — x,,| between x,, and x,, is less than ¢ if both m and » are larger
than or equal to N.

N5TeuNIEaYYaNaNNTT AlThuusenudeuluaunisiialy

Example 2.1 (uiaun1s x2 =2) Consider the equation x2 = 2. It is easy to prove that this
equation does not have any rational solutions. However, consider the following iteration

formula:
_ Xp1t 2/xn—1

Xy = 2 y
where n = 1,2,3,... and xo = 1. The resulting sequence of rational numbers quickly

(2.2)
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approaches a number in the vicinity of x = 1.4142135623731:

xg = 1
x1 = (xg+2/x)/2
Xy = (x1+2/x1)/2
X3 = (xo+2/x5)/2
Xy = (x3+2/x3)/2
X5 = (xg+2/x4)/2
X = (x5+2/x5)/2
X7 = (xg+2/x6)/2
xg = (x7+2/x7)/2
X9 = (xg+2/xg)/2
x10 = (X9+2/x9)/2

We will later see that this iteration, or any
number V2.

2.3 n15ld Code

1.5

1.4166666666667
1.4142156862745
1.4142135623747
1.4142135623731
1.4142135623731
1.4142135623731
1.4142135623731
1.4142135623731
1.4142135623731

Q

other equivalent iteration, defines the real

11
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971 code hulsinienlilv wadnsazeonunlusgrtlsnasgiuay dwsuisldlugaind

source code Nuuy hiveaSureluil

1 import numpy as np
2

3 def incmatrix(genll, genl2):

4 m = len(genll)

5 n = len(genl2)

6 M = None #to become the incidence
7 VI = np.zeros((n*m,1l), int)

8

9 #compute the bitwise xor matrix

Ml = bitxormatrix(genll)
M2

for i in range (m-1):

for j in range(i+l, m):

matrix

#dummy variable

np.triu(bitxormatrix (genl2), 1)

15 [r,c] = np.where(M2 == M1[1i, j])
16 for k in range(len(r)):

17 VI[(i)*n + r[k]] = 1;

18 VI[(i)*n + c[k]] = 1;

19 VT[(]j)*n + r[k]] = 1;

20 VI[(j)*n + c[k]] = 1;



12 2.3. n1std Code

21

22 if M is None:

23 M = np.copy (VT)

24 else:

25 M = np.concatenate ((M, VT), 1)
26

27 VT = np.zeros((n*m,1l), int)

28

29 return M

Listing 2.1: Python example

Exercises

Exercise 2.1 Let A={1,2,3} and B = {2, 3,4}. Determine the following sets.
(@ AuUB (b)AnB (c)A\B (d)AxB

Exercise 2.2 Let A={1,3,5,7,9} and B={2,4,6,8,10}. Determine the following sets.
(@ AUB (b)AnB (c)A\B (d)AxB

Exercise 2.3 Let A ={1,2,3}, B={2,3,4} and C = {3,4,5}. Determine the following
sets.
(@ AUBUC (b)AnBNC (c)(B\A)NC (d)(AxB)xC

Problem

Problem 2.1 |Interpret the following set definition (Russell’s paradox) and discuss
whether X € X or X ¢ X:
X ={x|xex} (2.3)

Computer exercises

Computer exercise 2.1 Write a program that generates the sequence (x,,)1% for x,, = n.

Computer exercise 2.2 Write a program that generates the odd numbers between 1
and 100.
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Computer exercise 2.3 Write a program that computes the sum ¥ 1% x,, for x,, = n.
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Hello, here is some text without a meaning. This text should show what a printed text will
look like at this place. If you read this text, you will get no information. Really? Is there no
information? Is there a difference between this text and some nonsense like “Huardest
gefburn”? Kjift — not at alll A blind text like this gives you information about the selected
font, how the letters are written and an impression of the look. This text should contain
all letters of the alphabet and it should be written in of the original language. There is no
need for special content, but the length of words should match the language.

3.1 First section

Hello, here is some text without a meaning. This text should show what a printed text will
look like at this place. If you read this text, you will get no information. Really? Is there
no information? Is there a difference between this text and some nonsense like “Huardest
gefburn”? Kjift — not at all! A blind text like this gives you information about the selected font,
how the letters are written and an impression of the look. This text should contain all letters of
the alphabet and it should be written in of the original language. There is no need for special
content, but the length of words should match the language.

This is the second paragraph. Hello, here is some text without a meaning. This text
should show what a printed text will look like at this place. If you read this text, you will get no
information. Really? Is there no information? Is there a difference between this text and some
nonsense like “Huardest gefburn”? Kjift — not at all! A blind text like this gives you information
about the selected font, how the letters are written and an impression of the look. This text
should contain all letters of the alphabet and it should be written in of the original language.
There is no need for special content, but the length of words should match the language.

And after the second paragraph follows the third paragraph. Hello, here is some text
without a meaning. This text should show what a printed text will look like at this place. If

14




un7 3. Third chapter 15

you read this text, you will get no information. Really? Is there no information? Is there a
difference between this text and some nonsense like “Huardest gefburn™? Kjift — not at all!
A blind text like this gives you information about the selected font, how the letters are written
and an impression of the look. This text should contain all letters of the alphabet and it should
be written in of the original language. There is no need for special content, but the length of
words should match the language.

After this fourth paragraph, we start a new paragraph sequence. Hello, here is some text
without a meaning. This text should show what a printed text will look like at this place. If
you read this text, you will get no information. Really? Is there no information? Is there a
difference between this text and some nonsense like “Huardest gefburn”? Kjift — not at all!
A blind text like this gives you information about the selected font, how the letters are written
and an impression of the look. This text should contain all letters of the alphabet and it should
be written in of the original language. There is no need for special content, but the length of
words should match the language.

Hello, here is some text without a meaning. This text should show what a printed text
will look like at this place. If you read this text, you will get no information. Really? Is there
no information? Is there a difference between this text and some nonsense like “Huardest
gefburn”? Kjift — not at all! A blind text like this gives you information about the selected font,
how the letters are written and an impression of the look. This text should contain all letters of
the alphabet and it should be written in of the original language. There is no need for special
content, but the length of words should match the language.

3.2 Second section

This is the second paragraph. Hello, here is some text without a meaning. This text should
show what a printed text will look like at this place. If you read this text, you will get no
information. Really? Is there no information? Is there a difference between this text and
some nonsense like “Huardest gefourn”? Kjift — not at all! A blind text like this gives you
information about the selected font, how the letters are written and an impression of the look.
This text should contain all letters of the alphabet and it should be written in of the original
language. There is no need for special content, but the length of words should match the
language.

And after the second paragraph follows the third paragraph. Hello, here is some text
without a meaning. This text should show what a printed text will look like at this place. If
you read this text, you will get no information. Really? Is there no information? Is there a
difference between this text and some nonsense like “Huardest gefburn”? Kjift — not at all!
A blind text like this gives you information about the selected font, how the letters are written
and an impression of the look. This text should contain all letters of the alphabet and it should
be written in of the original language. There is no need for special content, but the length of
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words should match the language.

After this fourth paragraph, we start a new paragraph sequence. Hello, here is some text
without a meaning. This text should show what a printed text will look like at this place. If
you read this text, you will get no information. Really? Is there no information? Is there a
difference between this text and some nonsense like “Huardest gefburn”? Kjift — not at all!
A blind text like this gives you information about the selected font, how the letters are written
and an impression of the look. This text should contain all letters of the alphabet and it should
be written in of the original language. There is no need for special content, but the length of
words should match the language.

Hello, here is some text without a meaning. This text should show what a printed text
will look like at this place. If you read this text, you will get no information. Really? Is there
no information? Is there a difference between this text and some nonsense like “Huardest
gefburn”? Kjift — not at all! A blind text like this gives you information about the selected font,
how the letters are written and an impression of the look. This text should contain all letters of
the alphabet and it should be written in of the original language. There is no need for special
content, but the length of words should match the language.

This is the second paragraph. Hello, here is some text without a meaning. This text
should show what a printed text will look like at this place. If you read this text, you will get no
information. Really? Is there no information? Is there a difference between this text and some
nonsense like “Huardest gefburn”? Kjift — not at all! A blind text like this gives you information
about the selected font, how the letters are written and an impression of the look. This text
should contain all letters of the alphabet and it should be written in of the original language.
There is no need for special content, but the length of words should match the language.

3.3 Third section

And after the second paragraph follows the third paragraph. Hello, here is some text without
a meaning. This text should show what a printed text will look like at this place. If you read
this text, you will get no information. Really? Is there no information? |s there a difference
between this text and some nonsense like “Huardest gefburn”? Kjift — not at all! A blind
text like this gives you information about the selected font, how the letters are written and an
impression of the look. This text should contain all letters of the alphabet and it should be
written in of the original language. There is no need for special content, but the length of
words should match the language.

After this fourth paragraph, we start a new paragraph sequence. Hello, here is some text
without a meaning. This text should show what a printed text will look like at this place. If
you read this text, you will get no information. Really? Is there no information? Is there a
difference between this text and some nonsense like “Huardest gefburn”? Kjift — not at all!
A blind text like this gives you information about the selected font, how the letters are written
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and an impression of the look. This text should contain all letters of the alphabet and it should
be written in of the original language. There is no need for special content, but the length of
words should match the language.

Hello, here is some text without a meaning. This text should show what a printed text
will look like at this place. If you read this text, you will get no information. Really? Is there
no information? Is there a difference between this text and some nonsense like “Huardest
gefburn”? Kjift — not at all! A blind text like this gives you information about the selected font,
how the letters are written and an impression of the look. This text should contain all letters of
the alphabet and it should be written in of the original language. There is no need for special
content, but the length of words should match the language.

This is the second paragraph. Hello, here is some text without a meaning. This text
should show what a printed text will look like at this place. If you read this text, you will get no
information. Really? Is there no information? Is there a difference between this text and some
nonsense like “Huardest gefburn™? Kjift — not at all! A blind text like this gives you information
about the selected font, how the letters are written and an impression of the look. This text
should contain all letters of the alphabet and it should be written in of the original language.
There is no need for special content, but the length of words should match the language.

And after the second paragraph follows the third paragraph. Hello, here is some text
without a meaning. This text should show what a printed text will look like at this place. If
you read this text, you will get no information. Really? Is there no information? Is there a
difference between this text and some nonsense like “Huardest gefburn”? Kjift — not at all!
A blind text like this gives you information about the selected font, how the letters are written
and an impression of the look. This text should contain all letters of the alphabet and it should
be written in of the original language. There is no need for special content, but the length of
words should match the language.
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